We investigate elastic-wave propagation in a spatially-dispersive multilayered metamaterial system. Although at oblique incidence a longitudinal (acoustic) wave can convert to transverse in the solid material comprising the layers, a longitudinal wave originating and terminating in a solid rather than in a liquid may be indirectly amplified enormously if the response to the transverse component is very large and vice versa. The conversion between longitudinal and transverse waves is found to lead to the emulation of a characteristic non-reciprocal phenomenon at some frequencies: a directionality in the transmission response, sometimes simultaneously with the reflection response. The inclusion of gain/loss elements can strongly enhance the directionality. Periodicity-breaking defects can cause a great variability in the response, enabling the use of devices based on this phenomenon as sensors.
I. INTRODUCTION
Controlling elastic wave propagation in layered media has been the scope of pioneering theoretical and recently, experimental studies. While the propagation of acoustic waves in phononic lattices has many parallels with the propagation of electromagnetic waves in photonic lattices, showing similar phenomena and applications, such as acoustic cloaking 1 
or illusions
2 , or more generally, transformation acoustics 3, 4 , the more general case of wave propagation in elastodynamic media is, as yet, not widely studied.
Mathematically, it has been shown 5 that the basic building block of all elastodynamic metamaterials -complex composites with behaviour unlike that of their constituents-are so-called "pentamode materials". These are materials in three dimensions which have the interesting property that only one direction of propagation is supported, five out of six eigenvalues of the elastic tensor being equal to zero. In spite of their being solids, comprised of multiple solid layers, they behave more like liquids as their shear modulus is close to zero despite their finite-valued bulk modulus. Hence, the fact that they ideally support only longitudinal modes makes them useful for studying transformation acoustics.
All general elastodynamic materials may be constructed from combinations of pentamode materials. In a recent study 6 , the propagation of elastic waves in different directions has been studied for multilayered materials as a means of assessing their suitability for functioning as pentamode materials. In that study, some propagation directions and frequency ranges were found where the velocites of longitudinal modes far exceeded those of the transverse modes -indeed close to the functioning of an ideal pentamode material. This is the main reason why the study of both longitudinal and transverse modes is useful -apart from interconversions between them.
The interconversions between modes have been exploited in the design of metasurfaces to emulate nonreciprocal phenomena in electromagnetic systems -dipole antennas. The addition of balanced gain (G) and loss (L) to metamaterials constitutes a approach to achieving reduced losses 7 . Parity-time (PT ) or the more general category of pseudoHermitian (PH) 8 -symmetric systems, despite being non-Hermitian, can have real eigenvalues, as is necessary for propagation, as well as bound states. By modifying the system parameters, the system may migrate from the PT or PH -symmetric phase into the broken phase and vice versa. The propagation in PH systems differs from that in conventional ones in that it displays unidirectional properties, such as invisibility 9 . In addition, the total energy is not conserved, instead oscillating about a mean value, owing to the non-orthogonality of the eigenmodes. A consequence of the latter is an asymmetry in the propagation, known as non-reciprocal propagation 10 . In the broken phase, the propagation is unstable -greatly amplified or attenuated -and at these values of the wavevector the energy dispersion relation takes on imaginary components. PH systems not displaying PT symmetry have recently started to be studied in depth because of the greater flexibility 11, 12 afforded by removing the restrictions around the spatial arrangement of the components and the presence of defects.
Many methods for determining the transmittance and reflectance properties of phononic systems exist 13 : from multiple-scattering methods, to the finite-difference-timedomain (FDTD) method, to transfer-matrix methods, etc. The transfer-matrix technique in particular has been applied to multilayered systems in order to study elastic-wave propagation at normal and oblique incidence, where transverse modes are activated, in systems with defects or absorption 14 .
In recent work 11 we used transfer-matrix methods to investigate the response of a multilayered metamaterial system containing periodicity-breaking defects to an incident acoustic plane wave at normal or oblique incidence. The transmission response was found to be composed of pass-bands with oscillatory behaviour, separated by band gaps and covers a wide frequency range. The presence of gain and loss in the layers was found to lead to the emergence of symmetry-breaking and re-entrant phases. While defects in general were found to lead to a near or complete loss of PH symmetry at all frequencies, it was shown that they can be exploited to produce highly-sensitive responses, making such systems good candidates for sensor applications. The presence of defects as well as their location within the system was found to have a profound effect on the transmission response: changing the thickness of one passive layer shifts transmission resonances to different frequencies, while even very small changes in thickness were found to produce great sensitivity in the responses.
In this work, we extend the above study to the more general investigation of propagation of elastic waves, whereby we exploit interconversions between longitudinal and transverse modes to optimize the directionality in not just the reflection but also the transmission response and also the sensitivity to periodicity-breaking defects.
II. METHODS
We summarize our formalism from our previous work 11 making note of where it becomes generalized owing to the consideration of both longitudinal and transverse incident modes.
We consider a system of n − 1 layers with normal theẑ direction, extending along the negativeẑ direction as in Fig and the shear modulus is
are expressed in terms of the Young's modulus E and Poisson ratio ν. A plane wave of frequency ω is incident on the multilayer system from a general (solid or liquid) ambient medium either normally or at an angle θ in the xz plane and exits again in the same or a different medium.
The particle displacement is in the xz plane and there may be both shear and longitudinal modes present. The displacement field may be split into longitudinal φ and transverse ψ potentials
and we set ψ = ψŷ. The wave equations for the potentials, assuming time-harmonic plane-waves are
and have the solutions
for each layer j, including the terminating ambient media j = 1 and j = n + 1, where the primed quantities are amplitudes. For example, for a transverse wave incident at the half-space n + 1, r l = φ n+1 and t l = φ 1 are the expressions for the longitudinal-mode reflection and transmission coefficients.
Through transformations from the {φ , φ , ψ , ψ } basis, a transfer matrix for the passage of a wave through one, and then by repeated application, through the whole system of n − 1 layers may be constructed in terms of the displacements Eq.1 and the stresses
where A is the transfer matrix through the entire multilayer (see ch.1, sec.8 in Ref. 15) .
The boundary conditions applied are the continuity of the displacements u x and u z , and that of the stresses Z x , Z z across the (n, n+1) boundary. When this is done, we arrive at expressions for the longitudinal and transverse-mode reflections and transmissions from the incident and outgoing sides respectively of the multilayer system after inverting the system of equations for the stress and displacement to obtain the amplitudes in Eq. 3.
A. System
In the system depicted in Fig. 1 we show a system of A/Ep layers from which an elastic plane wave is incident and exits from arbitrary materials (half-spaces at ends).
The direction shown is the 'Forward' (F) direction.
The response of multilayer system composed of alternating alumina (A) and epoxy thermoset (Ep) layers to an impingent longitudinal or transverse wave was examined for various incidence angles. The parameters of these materials are given in Table I .
When including G/L, through the addition of an imaginary component of positive (G) or negative (L) sign to the Young's modulus, we work in the region of balanced gain/loss, by imposing alternating G/L on the A layers.
The units of the frequency ω in all the figures are m·kHz/l where l is the layer thickness (see Table I ) which in this study is taken to be the same for all the layers.
B. Unidirectional transmission
The transmission at some frequencies can be unidirectional. When both half-spaces at the ends are the same, whether or not they are of the same material as one of the constituents of the multilayer (A or Ep), the forward/backward transmissions under oblique incidence are different only when GL is present, unless a defect (asymmetry) is present, and only for the transmitted wave which is different from that impinging on the system. This is a very interesting result which is counterintuitive given that the angle of transmission is technically the same as the angle of incidence. But it's due to the fact that for the other mode there is no incident wave and generally the outgoing angle is different than that of the incident mode. The defect need not be liquid for the asymmetry to occur.
Defects, in the form of interfacial wrinkling, have been found to be able to control the wave propagation in layered materials by introducing complete band gaps in 1D phononic
Non-reciprocal effects such as asymmetric transmission may be emulated by spatiallydispersive 17 metasurfaces. In Ref.
18 metasurfaces comprised of asymmetrically-aligned electric dipoles were studied analytically and numerically with respect to their effect on the polarization of the incident electromagnetic radiation. It was found that for some surface topologies at oblique incidence the metasurface exhibits spatial dispersion, that is the two dimensional surface parameters -in this case electric and magnetic susceptibilities and magnetoelectric parameters linking the in-plane electric and magnetic fields to the respective currents -depend on the transverse momentum of the incident wave. The transverse momentum thus acts as a self-biasing mechanism and this dependence of the surface parameters on this quantity is necessary for the presence of tangential (in-plane) polarization. Along with oblique incidence, tangential polarization was found to be necessary for the transmission to be asymmetric (dependent on the direction at which the metasurface is approached). As noted in Ref. 19 , such devices do not break time-reversal symmetry. Generally, the directionality of the transmission occurs whenever there is a transverse component to an incident wave and the metasurface is spatially dispersive.
The transverse momentum of the wave incident on a spatially-dispersive metasurface functions as the magnetic bias in a non-reciprocal magneto-optic material. Devices may be designed for achieving asymmetric transmission, by solving the inverse problem, that is designing the surface parameters to fit the desired scattering parameters 20 . Examples of non-reciprocal phenomena which can be emulated using the transverse momentum of plane waves obliquely-incident on a spatially-dispersive metasurface include Faraday rotators and isolators 19 . In addition, vortex beams carrying orbital angular momentum carry transverse momentum even if normally incident on a metasurface and thus devices which emulate non-reciprocal phenomena such as unidirectional transmission can operate even at normal incidence 19 . The surface band structure of the system depicted in Fig. 1 is of the same type as those depicted in Fig.2 
where the index n is either transverse (T ) or longitudinal (L). The wavevector k n is for propagation in both the x and z directions. Most of the studies into emulation of nonreciprocal behaviour have been conducted on electromagnetic systems such as those described above. The few studies thus far on acoustic systems have considered surface waves (Lamb waves) in superlattices 21, 22 . In
Ref. 21 it is found that in some superlattice designs there can be a conversion between the two modes, while the design of the superlattice can be adjusted in order to transmit one mode of Lamb waves but not the other in a given frequency range. These two behaviours may then be combined in order to achieve unidirectional transmission. 24 . With the addition of loss (or gain) the magnitude of the reflection coefficient also becomes different. In all of these cases, dealing with reciprocal materials, the transmission coefficient in both directions is the same. Recently 27 , elastic-wave propagation under oblique incidence has been studied for the transverse polarization (displacement in the yz direction) not studied here because the wave equation for this polarization is independent of the wave equation coupling longitudinal and transverse modes which is the object of the present study. Up until now, studies of propagating longitudinal and transverse modes in elastic systems have not been made so as to achieve asymmetry in the transmission coefficients.
III. RESULTS
In this section we present our main results upon changing either the composition of responses. Furthermore, the response to the same mode type as the incident wave showed no directionality when the half spaces were identical. However, when the half spaces were different, it was found to display a directionality as the incident and outgoing angle for this type of mode were no longer identical.
In Fig. 2 we show the reflection and transmission when both half spaces are glass and without any gain/loss (GL) present and a transverse mode is incident at an angle of π/16. The reflections are different because as mentioned earlier, the system is asym-9 metric. There are several frequencies where the transmission in particular is virtually unidirectional. Similarly for Fig. 3a where the angle is now π/8. When G/L is added however, as in Fig. 3b , many of these resonances are not responsive and remain at the same low level. The responses at other frequencies are amplified in both directions rather than being attenuated in one direction so these are obviously not useful for operation as a unidirectional device. In Fig. 4 we show the transverse-mode transmission response of the same A/Ep system located between Ep at both ends to an incident longitudinal wave. Owing to the symmetry of the system, without the inclusion of G/L (Fig. 4a ) the transmission is independent of direction. Once G/L is added however (Fig. 4b) , notable asymmetry in the transmission at some frequencies occurs.
In or Hg is added to the system Fig. 4b including G/L we can achieve large responses as in Fig. 6 . However, the responses for the case of water here were found to be highly variable with respect to defect location, successively alternating between a large response such as that shown or sinking to below 1 depending on which Ep was replaced. What is most notable is that the response with the Hg defect is not only greatly magnified but highly unidirectional at ω=12, with one direction having a transmission of 0.05 and the other at 33. This same peak is also present in the undefected system (Fig. 4b) where it is asymmetric but has a very low response. With the water defect it has a similarly-low response while in one direction the response is nonexistent on the scale used.
In Fig. 7 we depict the 'directionality' of the transverse or longitudinal-mode response to an incident longitudinal or transverse wave respectively at an angle of π/16 for the periodic multilayer system without any defects, when terminated with a variety of materials.
More specifically, show the difference in the respective response (opposite mode to that of the incident) between the forward and backward direction. We see that for longitudinal incidence, cork ends give a high absolute directionality, and SiC the least. can lead to misleading conclusions wherein for frequencies where both transmissions are low but one is essentially zero the result is perfect directionality while situations with a higher absolute directionality, wherein one transmission is high and the other is merely low, the directionality comes out lower.
In Fig. 8 we show the absolute directionality defect response for three materials: glass, HDPE and Polycarbonate, to an incident transverse wave at π/16, that is how does the presence of a defect, in this case water replacing Ep in different locations, affect the directionality. Having an Hg defect rather than a water defect did not significantly alter the results, as Hg shows an improvement in defect response compared with water but not in the directionality of the response, something which is more affected by the material at the ends. These plots were produced by taking the difference between the defect responses (defined as the difference between the response of the system containing a defect and that without) of the F and the B directions. HDPE showed the highest response and Polycarbonate almost none meaning that the directionality of the defect response is mainly affected by the composition of the ends as in the case the directionality for no defects ( Fig. 7 for transverse incidence). It is interesting however, that sometimes there is a great variation even in the sign of the response depending on the location of 13 the defect. In none of the aforementioned cases do both the transmission and reflection responses display the idealized directionality: neither separately -with one direction being suppressed, nor simultaneously.
We also examined the effects of having different half spaces at the ends. When the halfspaces are different then the directionality is much more evident. Here the transmission angle is different from the incident angle. In Fig. 9 we show the transverse-mode response in an A/Ep system between Ep and Glass half spaces with no defects, without GL and a longitudinally-incident mode at π/16. Here we have clear, simultaneous directionality. 
IV. CONCLUSIONS
We have investigated the propagation of elastic waves in a multilayered metamaterial system having spatial dispersion due to oblique incidence of longitudinal or transversemode elastic waves. We find that the interconversion between longitudinal and transverse modes within the system leads to large responses in the mode which is different from that which is incident. We find that there can be directionality in not just the reflection response but also in the transmission for the mode which is different from that which is incident. This represents an emulation of a property of non-reciprocal propagation. In some cases, and especially when the elastic wave enters and exits from different solid materials, we find that the transmission and reflection responses are simultaneously unidirectional, with both the transmission and reflection responses being strongly suppressed in one direction and greatly enhanced in the other. The directionality in the transmission occurs in the absence of defects apart from asymmetry as well as in the absence of gain and loss in the layers although it can be greatly modified by including these parameters.
The degree of directionality, whether or not a periodicity-breaking defect is present, is determined mainly by the composition of the material from which the elastic wave enters or exits the multilayer system. However, there was great variability in the response depending on the location of the defect within the multilayer system as well as some variation in the absolute sensitivity with the type of defect present. The introduction of gain or loss in the system causes some of the responses to be greatly enhanced and sometimes profoundly magnifies the directionality.
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